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Abstract. Based on the principle of the Lorentz covariance the transition matrix elements from an off-shell
photon state to the vacuum are decomposed into the light-cone photon DAs, in which only two transversal
DAs survive in the on-shell limit. The eight off-shell light-cone photon distribution amplitudes (DAs)
corresponding to chiral-odd and chiral-even up to twist-four and the corresponding coupling constants are
studied systematically in the instanton vacuum model of quantum chromodynamics (QCD). The various
individual photon DA multiplied by its corresponding coupling constant is expressed in terms of the
correlation functions, which are connected with the spectral densities of an effective quark propagator, and
then evaluated in the low-energy effective theory derived from the instanton vacuum model of QCD. The
explicit analytical expressions and the numerical results for the photon DAs and their coupling constants
are given.
PACS. PACS-key 11.15.Tk,12.38.Lg,11.55.Hx,14.70.Bh
1 Introduction
Motivated originally by Brodsky and Lepage[1], hadronic
distribution amplitudes(DAs) are introduced as the non-
perturbative parameters to deal with hadronic scatter-
ing process[2,3,4,5,6,7]. Similar to the hadronic ones, the
photon DAs are also introduced into QCD light-cone sum
rules[8], serve as the reliable non-perturbative parameters
in various processes involving photons, such as radiative
decay of hyperons[9], the scattering of real and virtual
photons γγ∗ → π0[10,11], and the deeply virtual Comp-
ton scattering[12,13].
For hadronic DAs, such as those associated with pion[14,
15], rho[16] and kaon[17,18,19], huge amount of works
have been done in literatures. In comparison, there are
only a few works for calculation of the photon DAs yet,
especially for the ones of higher twist, based on a consis-
tent formalism.
To the best of our knowledge, the most detailed treat-
ment on photon DAs of the asymptotic form has been
carried out in [20]. It provides a systemic classification
of photon DAs corresponding to different twists, number
of intermediate particles and the chiralities in the frame-
work of the background field formalism. However, it deals
simply with the real photon case. We understand these
results as being valid in the high-energy region, because
the conformal symmetry is used as a base for expansion.
Then, some extended work have been done by means of
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both an asymptotic treatment and the effective low-energy
theory[21,22]. A very impressive common characteristic of
the results is that a scalar type of the virtual photon DA
is missing. The reason may be traced back to the fact that
the authors have adopted two mixing schemes: the back-
ground field formalism[20] which may be understood to
be valid in high-energy region, and the instanton vacuum
model which is basically appropriate at the low-energy
region[21,22].
To exploit such point, we completely confine ourself
in the low-energy effective theory of the local type, de-
rived from the instanton vacuum model of QCD. Along
this line, the leading twist light-cone real photon DA cor-
responding to the tensor current has been calculated[23].
Within this theoretical framework, the QCD vacuum is de-
scribed as a dilute medium of instantons, the interaction
of quarks with the fermion zero modes of the individual
instanton in this medium provides a mechanism for the
chiral symmetry breaking[24], which is the most impor-
tant non-perturbative phenomenon in the hadron world.
The calculated masses and coupling constants of hadrons,
such as π, σ, ρ, A1, N , ∆, and etc., agree with data, and
the corresponding correlation functions are also in accor-
dance with phenomenology[25] and lattice simulations[26,
27]. The picture of the instanton vacuum also leads to
the formation of the gluon condensates[28,29] and the so-
called topological susceptibility needed to cure the U(1)
paradox[30,31]. At the large-Nc limit, the instanton vac-
uum leads to a very reasonable low-energy effective theory
of quarks with a momentum-dependent dynamical mass
M(k), which drops to zero at Euclidean momentum of
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the order of the inverse of the average instanton size,
ρ¯−1 ≈ 600MeV[32]. The whole approach of this low-energy
effective theory is based on the smallness of (M(k)ρ¯)2, and
is restricted to momenta k ≪ 1/ρ¯, at such low-energy scale
there are no dynamical gluons.
Following the same line as in [23], we have calculated
the off-shell photon DAs at leading twist corresponding
with both Dirac structures, σµν and γµ[33,34,35], and
the twist-two parts of the other two photon DAs (each
of which contains both twist-two and twist-three parts,
but we call them as twist-three DAs in comparison with
other references) of the tensor current are estimated.
In the present paper, we extend our previous calcula-
tion to higher twists, and give a complete treatment in
the same way for all light-cone photon DAs up to twist-
four appearing in the formalism described before in [33],
which is based on the effective low-energy instanton vac-
uum model of QCD and a systematical Lorentz decom-
position of the transition matrix element from an off-shell
photon to vacuum through a nonlocal quark-antiquark bi-
linear current with a gauge link. We show that in our
formalism there are altogether eight photon DAs up to
twist-four, in which only two DAs survive in the on-shell
limit. In particular, there appears a scalar virtual photon
DA corresponding to the scalar nonlocal bilinear quark
current, as explicitly demonstrated in calculation. How-
ever, such DA is absent in the asymptotic form because,
as the authors claimed, the vacuum expectation value of
the scalar operator does not contain any contribution lin-
ear in the background electromagnetic field.
Besides the above mentioned difference, there is an-
other difference between our treatment and the one used
in Refs. [21,22]. It is noted that when working with the
effective theory (the covariant version of (31) below), the
dynamical quark mass is assumed to be small compared
with the ultraviolet cutoff. In order to compute the pho-
ton DAs we need to couple an electromagnetic field to the
quark fields of the effective Lagrangian. The interaction
between the electromagnetic field and quarks should be
dominated by the pointlike one, while the non-pointlike
interaction, which arises from the momentum-dependent
mass term, is suppressed in (Mρ¯)2 relative to the point-
like one. Therefore, keeping in mind within leading order
in Mρ¯, we may choose to work with the pointlike electro-
magnetic current (a further discussion of this point can
be seen the last paragraph and the Appendix C of this
paper).
Our paper is organized as follows: After given our ideas
and motivation in the introduction, in Sec. II we review
our previous formalism to define the off-shell light-cone
photon DAs up to twist-four with a slight modification
based just on the Lorentz covariance. Then, every pho-
ton DA multiplied by its coupling constant is individually
expressed in terms of the corresponding correlation func-
tion in Sec. III. Afterwards, in Sec. IV the spectral rep-
resentations of the correlation functions are worked out
by using a general spectral representation of the effective
quark propagator, which is assumed to be of the pole form
related to the instanton vacuum model of QCD for prac-
tical purpose. In Sec. V, the analytical expressions of all
photon DAs are shown. The numerical simulation and the
corresponding results are displayed in Sec. VI. Finally, in
Sec. VII our conclusions and discussions are given. Some
technical details are presented in the Appendixes.
2 Definition of photon distribution amplitudes
up to twist-four
Let’s review the formalism suggested in [33] with a
slight modification, in which the photon DAs are defined,
and classified into two groups with different chiralities. Ac-
cording to Lorentz covariance, the nonlocal quark-antiquark
current with light-like separation (z2 = 0) sandwiched be-
tween vacuum |0〉 and one-photon state |γ(P, λ)〉, charac-
terized by its momentum Pµ and the polarization vector
e
(λ)
σ , can be decomposed into different Lorentz structures
Li(p, n, e
(λ)),
〈0|ψ¯(z)Γ [z,−z]ψ(−z) |γ(P, λ)〉
=
∑
i
fi(P
2)Li(p, n, e
(λ))
∫ 1
0
dueiξp·zφ(i)γ (u, P
2), (1)
where Γ is one of the Dirac-matrices I, γµ, σµν , γµγ5 and
γ5, u the fraction of the momentum carried by the quark,
ξ = 2u − 1, φ
(i)
γ (u, P 2) the photon DA with a virtuality
P 2 being normalized as∫ 1
0
duφ(i)γ (u, P
2) = 1. (2)
and fi(P
2) its corresponding coupling constant. The no-
tation [x, y] is the path-ordered gauge link
[x, y] = P exp
{
i
∫ 1
0 dτ(x − y)µ[gsB
µ(τx + (1− τ)y)
+QAµ(τx + (1− τ)y)]} ,
with Bµ and Aµ being the gauge potentials for strong
and electromagnetic interactions respectively, and gs and
Q the corresponding coupling constants.
To find the Lorentz structures Li(p, n, e
(λ)) for i =
t, v, corresponding to Γ being σµν (tensor case) and γµ
(vector case) respectively, let us start with the local quark-
antiquark bilinear case, z = 0. It is easy to see that there
are only two physical vectors, the polarization vector e
(λ)
µ
and the momentum Pν , available, and each photon DA
should be linear in e
(λ)
µ . Thus
〈0| ψ¯(0)σµνψ(0) |γ(P, λ)〉 = if
(t)
γ (P 2)T
(λ)
µν (3)
〈0| ψ¯(0)γµψ(0) |γ(P, λ)〉 =Mf
(v)
γ (P 2)e
(λ)
µ (4)
where T
(λ)
µν = e
(λ)
µ Pν−e
(λ)
ν Pµ, andM is a Lorentz invariant
constant which is taken to be the effective non-vanishing
quark mass at P 2 = 0 instead of µ ≡
√
|P 2| as before
to avoid the influence of some inconvenient behavior of µ
near P 2 = 0.
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For implementing the light-cone expansion in a sys-
tematical way, let us introduce a light-like vector p such
that P → p as P 2 → 0; and for the sake of convenience, in-
troduce further the dimensionless light-like vectors n and
nˆ parallel to z and p respectively with
n · nˆ = 2, zµ = nµτ
Then, we go away from z = 0 but keeping z2 = 0, and de-
compose e
(λ)
µ and Pµ into three independent vectors, pµ,
zµ and e
(λ)
⊥µ (the projection of e
(λ)
µ on the plane perpen-
dicular to both pµ and zµ), namely
e(λ)µ = e
(λ)
⊥µ + pµ
e(λ) · z
p · z
− zµ
e(λ) · z
2(p · z)2
P 2 (5)
Pµ = pµ +
P 2
2p · z
zµ (6)
which leads to
T (λ)µν =
3∑
i=1
T (λ,i)µν (7)
with
T (λ,1)µν = e
(λ)
⊥µpν − e
(λ)
⊥νpµ (8)
T (λ,2)µν = (pµnν − pνnµ)
e(λ) · n
(p · n)2
(9)
T (λ,3)µν = (e
(λ)
⊥µnν − e
(λ)
⊥νnµ)
P 2
2p · n
(10)
We note here that because of the conservation of the local
electromagnetic current, there is the orthogonality rela-
tion between the polarization vector and the momentum
of a photon
e(λ) · P = 0
which can be used to transform e(λ) ·z into e(λ) ·p, and vice
versa, and to obtain a formula for the photon polarization
summation, ∑
λ
e∗(λ)µ e
(λ)
ν = −gµν +
PµPν
P 2
(11)
It is important to note that the three terms of the
R.H.S. of (8)-(10) are the only independent antisymmet-
ric tensors, which can be constructed from the three in-
dependent vectors pµ, zµ and e
(λ)
⊥µ. As a consequence, we
have the definition of the photon DAs for z 6= 0
〈0|ψ¯(z)σµν [z,−z]ψ(−z) |γ(P, λ)〉
= if
(t)
γ⊥(P
2)T (λ1)µν
∫ 1
0
dueiξp·zφ
(t)
γ⊥(u, P
2)
+ if
(t)
γ‖ (P
2)T (λ2)µν
∫ 1
0
dueiξp·zh
(t)
γ‖(u, P
2)
+ if
(t)
γ3 (P
2)T (λ3)µν
∫ 1
0
dueiξp·zh
(t)
γ3(u, P
2),
(12)
for the tensor case, and
〈0| ψ¯(z)γµ [z,−z]ψ(−z) |γ(P, λ)〉
= f
(v)
γ‖ (P
2)Mpµ
e(λ) · n
p · n
∫ 1
0
dueiξp·zφ
(v)
γ‖ (u, P
2)
+ f
(v)
γ⊥(P
2)Me
(λ)
⊥µ
∫ 1
0
dueiξp·zg
(v)
γ⊥(u, P
2)
− f
(v)
γ3 (P
2)Mnµ
e(λ) · n
(p · n)2
P 2
∫ 1
0
dueiξp·zg
(v)
γ3 (u, P
2) (13)
for the vector case, according to the Lorentz decomposi-
tion (1).
In addition, it is obvious that there is no pseudoscalar
which can be constructed from the three independent vec-
tors pµ, zµ and e
(λ)
⊥µ, and that only one scalar and one axial
vector can be constructed from the above three indepen-
dent vectors, and thus the corresponding photon DAs can
be defined as follows
〈0|ψ¯(z) [z,−z]ψ(−z) |γ(P, λ)〉
= if
(s)
γ‖ (P
2)(e(λ) · z)P 2
∫ 1
0
dueiξp·zh
(s)
γ‖ (u, P
2), (14)
〈0|ψ¯(z)γµγ5 [z,−z]ψ(−z) |γ(P, λ)〉
=Mf
(a)
γ⊥(P
2)ǫµναβe
(λ)ν
⊥ p
αzβ
∫ 1
0
dueiξp·zg
(a)
γ⊥(u, P
2).
(15)
From equation (14), it is obvious that a scalar operator
ψ¯(z) [z,−z]ψ(−z) has a projection onto a virtual photon
state |γ(P, λ)〉 which is proportional to the longitudinal
photon polarization e(λ) · z, and vanishing in the on-shell
limit.
The above formalism for defining the light-cone pho-
ton DAs (or wave functions) is, in fact, parallel to the case
of ρ meson[16]. An obvious advantage of this formalism is
that only two transversal DAs φ
(t)
γ⊥(u, P
2) and g
(a)
γ⊥(u, P
2)
survive in the on-shell case, and the others decouple au-
tomatically from the corresponding quark-antiquark cur-
rents, provided all coupling constants are finite at P 2 = 0
as they should be (see below). This is just as we expected,
since a real photon has only two transverse degrees of free-
dom.
3 Photon DAs expressed in terms of
correlation functions
To evaluate the transition matrix elements between
photon and vacuum for various currents, we rewrite them
as[20]
〈0|ψ¯(z)Γ [z,−z]ψ(−z) |γ(P, λ)〉
=i
∫
d4xe−iP ·xe(λ)σ 〈0|T ψ¯(z)Γ [z,−z]ψ(−z)j
σ
em(x) |0〉
(16)
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where jσem(x) = Qψ¯(x)γ
σψ(x) is the electromagnetic cur-
rent with an electric charge Q for associated quark flavor.
Contracting both sides of (16) with e
∗(λ)
ν , and using (11)
to work out the summation over the photon polarizations,
we obtain the polarization-averaged transition matrix el-
ement between photon and vacuum, which is, in fact, the
correlation function for a nonlocal quark-antiquark cur-
rent and a local electromagnetic one
Π
(Γ )
νΓ = i
∫
d4xe−iP ·x(−gνσ +
PνPσ
P 2
)
× 〈0|T ψ¯(z)Γ [z,−z]ψ(−z)jσem(x) |0〉 (17)
obeying
P νΠ
(Γ )
νΓ = 0 (18)
An important character of this correlation function is that
it is gauge-invariant which enable us to use an appropriate
form of quark propagator to evaluate it.
The explicit expressions of the correlation functions
are
Π(T )νµρ =if
(t)
γ⊥(P
2)t(1)νµρ
∫ 1
0
dueiξp·zφ
(t)
γ⊥(u, P
2)
+ if
(t)
γ‖ (P
2)t(2)νµρ
∫ 1
0
dueiξp·zh
(t)
γ‖(u, P
2)
+ if
(t)
γ3 (P
2)t(3)νµρ
∫ 1
0
dueiξp·zh
(t)
γ3(u, P
2), (19)
with the Lorentz structures t
(i)
νµρ being defined as
t(1)νµρ = (gνρpµ − gνµpρ) + pν
pρnµ − pµnρ
p · n
(20)
t(2)νµρ = (pµnρ − pρnµ)(pν −
P 2
2p · n
nν)
1
p · n
(21)
t(3)νµρ =
P 2
2p · n
[(gνρnµ − gνµnρ) + nν
pµnρ − pρnµ
p · n
] (22)
for the tensor case, and
Π(V )νµ =Mf
(v)
γ‖ (P
2)v(1)νµ
∫ 1
0
dueiξp·zφ
(v)
γ‖ (u, P
2)
+Mf
(v)
γ⊥(P
2)v(2)νµ
∫ 1
0
dueiξp·zg
(v)
γ⊥(u, P
2)
−Mf
(v)
γ3 (P
2)v(3)νµ
∫ 1
0
dueiξp·zg
(v)
γ3 (u, P
2). (23)
with
v(1)νµ =
pµpν
P 2
−
pµnν
2p · n
(24)
v(2)νµ = −gµν +
pµnν + pνnµ
p · n
(25)
v(3)νµ =
nµ
2p · n
(pν −
P 2
2p · n
nν) (26)
for the vector case, and
Π(S)ν = if
(s)
γ‖ (P
2)
[
(p · z)pν −
1
2
zνP
2
] ∫ 1
0
dueiξp·zh
(s)
γ‖ (u, P
2)
(27)
for the scalar case, and
Π(A)νµ =Mf
(a)
γ⊥(P
2)ǫµναβp
αzβ
∫ 1
0
dueiξp·zg
(a)
γ⊥(u, P
2),
(28)
for the axial vector case, respectively.
Now we extract an individual photon DA from the
corresponding correlation function Π
(Γ )
νΓ by contracting it
with an appropriate projection operator constructed from
pµ, zµ and gµν , and then performing the inverse Fourier
transform
F [φ(i)γ (τ, P
2)] ≡
p+
π
∫
dτei2up
+τφ(i)γ (τ, P
2) = φ(i)γ (u, P
2).
(29)
At the end, all photon DAs could be expressed in terms
of correlation functions as
f (i)γ (P
2)φ(i)γ (u, P
2) = F
[
−itν...(i) Π
(Γ )
νΓ
]
. (30)
The details of the calculation are given out in Appendix.A.
After working out the correlation functions, the series
of (30) can be used to determine the various coupling con-
stants fi(P
2) by integrating both sides of these equations
over u from 0 to 1, and the various photon DAs φ
(i)
γ (u, P 2)
can be determined by substituting the corresponding cou-
pling constants fi(P
2) into the equations. We note here
that the solutions we have obtained are universal in the
sense that their validity is independent of the special dy-
namical model adopted in calculation of the correlation
function.
4 Spectral representations of correlation
functions
To obtain the explicit expressions of photon DAs from
(30), we need to choose a dynamical model to calculate the
correlation functions. Since we are interesting in the low-
energy region, we would like to work in the low-energy ef-
fective theory based on instanton vacuum model of QCD,
in which the essential element in our calculation is the
effective quark propagator.
The effective quark propagator in the instanton vac-
uum model has been derived in the singular gauge of
instantons[36] by applying the Feynman variational principle[37]
to the low-energy effective theory of QCD. The effective
chiral action which describes the interaction of quarks
with an external meson field U in the large Nc limit is
Seff = −Nctr ln(i/∂ + iMFUF ), (31)
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where
U = exp[iγ5τ
aπa(x)] (32)
and M is the dynamical quark mass at zero momentum.
F (k) is the form factor, related to the Fourier transform
of the instanton zero mode
F (k) = 2y[I0(y)K1(y)− I1(y)K0(y)]− 2I1(y)K1(y) (33)
with y = kρ/2 and ρ = (600MeV)−1 being the typical
inverse instanton size. In this low-energy effective theory,
the various correlation functions can be evaluated by a
quark-loop in the large Nc limit with the following effec-
tive quark propagator
SF (k) =
/k +MF 2(k)
k2 −M2F 4(k) + iǫ
. (34)
For the sake of convenience, we choose to work with
the pole form of the quark form factor F (k)[23]
F (k) =
(
−Λ2
k2 − Λ2 + iǫ
)n
(35)
where Λ and n are the artificial but justified input param-
eters.
To check whether the propagator (34) is theoretically
acceptable, and to express the correlation functions in
some more general form, we write (34) in terms of the
spectral densities ρ1(ω
2) and ρ2(ω
2) defined in a general
formula for fermion propagator[38]
SF (k) =
∫
dω2
ρ1(ω
2)/k + ρ2(ω
2)
k2 − ω2 + iǫ
(36)
Comparing (34) and (36), we have
∫
dω2
ρ1(ω
2)
k2 − ω2 + iǫ
=
(k2 − Λ2)4n
k2(k2 − Λ2)4n − (MΛ4n)2
, (37)∫
dω2
ρ2(ω
2)
k2 − ω2 + iǫ
=
MΛ4n(k2 − Λ2)2n
k2(k2 − Λ2)4n − (MΛ4n)2
. (38)
After making the expansion in simple partial fractions
(k2 − Λ2)4n
k2(k2 − Λ2)4n − (MΛ4n)2
=
4n+1∑
i=1
fi(zi − Λ
2)4n
k2 − zi
, (39)
MΛ4n(k2 − Λ2)2n
k2(k2 − Λ2)4n − (MΛ4n)2
=MΛ4n
4n+1∑
i=1
fi(zi − Λ
2)2n
k2 − zi
,
(40)
where zi are the roots of an algebraic equation
z(z − Λ2)4n = (MΛ4n)2 (41)
and
fi =
4n+1∏
j=1,j 6=i
1
zj − zi
,
the spectral densities can be easily read off as the weighted
summations of Dirac δ-functions of ω2 peaked at different
roots zi
ρ1(ω
2) =
4n+1∑
i=1
fi(zi − Λ
2)4nδ(ω2 − zi)
= δ
[
4n+1∏
i
ω2 − zi
(ω2 + Λ2)4n
]
, (42)
ρ2(ω
2) =MΛ4n
4n+1∑
i=1
fi(zi − Λ
2)2nδ(ω2 − zi)
=MΛ4nδ
[
4n+1∏
i
ω2 − zi
(ω2 + Λ2)2n
]
. (43)
which satisfy the three constraints for the fermion’s spec-
tral densities
(i) ρ1(ω
2) and ρ2(ω
2) are real,
(ii) ρ1(ω
2) ≥ 0,
(iii) ωρ1(ω
2)− ρ2(ω
2) ≥ 0.
This reveals some consistency of the form of the effective
quark propagator (34) with F (k) defined by (35).
The shape of spectral densities are displayed in Fig.1,
where the different roots zi are shown to be in between
1GeV2 and 1.5GeV2, which is just the very energy regime
of effective low-energy theory of QCD. It can be seen
from the mentioned figures that the spectral functions ρ1
and ρ2 are almost coincident for the cases of n = 1 and
n = 2. This fact is in agreement with the statement that
the forms of the photon DAs are insensitive respect to
a change of value of the artificial variable n[33]. For this
reason, it may be safely for us to choose, say n = 1 and
Λ = 850MeV, in our numerical simulation.
Using the Wick’s theorem and the general spectral
form of quark propagator, the correlation functions for
various currents can be expressed analytically as follows
Π(T )νµρ = Cνσ Iˆ
[
gσρ [(P − k)µF1 + kµF2]
−gσµ[(P − k)ρF1 + kρF2]
]
, (44)
Π(V )νµ = Cνσ Iˆ [F3[k
σ(P − k)µ + kµ(P − k)
σ]
−gσµ[F3(P − k) · k + F4]
]
, (45)
Π(S)ν = Cνσ Iˆ [(k
σ − P σ)F1 + k
σF2] , (46)
Π(A)νµ = Cνσ IˆF3ǫ
σ
µραP
ρkα. (47)
where Cνσ and Iˆ are a constant tensor and an operator
respectively defined by
Cνσ ≡ −4QNc(−gνσ +
PνPσ
P 2
),
Iˆ ≡
∫
d4k
(2π)4
e−i(p−2k)·z
∫
dω
(P − k)2 − ω
∫
dµ
k2 − µ
,
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Fig. 1. The spectral density ρ1(ω
2) and ρ2(ω
2) for n = 1(upper case) and n = 2(lower case) and Λ = 850MeV.
and Fi the products of the two appropriate spectral den-
sities ρj(ω) and ρk(µ) of the effective quark propagator
F1 ≡ ρ1(ω)ρ2(µ), F2 ≡ ρ1(µ)ρ2(ω),
F3 ≡ ρ1(ω)ρ1(µ), F4 ≡ ρ2(ω)ρ2(µ).
5 Explicit analytic expressions of photon DAs
5.1 chiral odd
Now, we are in a position to be able to express the
light-cone photon DAs in terms of the functions Fi. Sub-
stituting (44) and (46) into (100)-(102) and (106), and
carrying out the inverse Fourier transformation, we ob-
tain the explicit expressions of the chiral-odd light-cone
photon DAs
φ
(t)
γ⊥(u, P
2) =
4Nc
if
(t)
γ⊥(P
2)
DˆF (1), (48)
h
(t)
γ‖(u, P
2) =
4Nc
if
(t)
γ‖ (P
2)
DˆF (2), (49)
h
(t)
γ3(u, P
2) =
4Nc
if
(t)
γ3 (P
2)
DˆF (3), (50)
h
(s)
γ‖ (u, P
2) =
4Nc
if
(s)
γ‖ (P
2)
TˆF (4), (51)
where the operations Dˆ and Tˆ are defined as the following
three-fold integrations
Dˆ ≡
∫
d4k
(2π)4
δ(k+ − up+)
∫
dω
(P − k)2 − ω
∫
dµ
k2 − µ
,
Tˆ ≡
∫
d4k
(2π)4
θ(k+ − up+)
∫
dω
(P − k)2 − ω
∫
dµ
k2 − µ
,
and F (k) for k from 1 to 4 are listed in Table 1 at the end
of this section.
Integrating both sides of (48)-(51) over u from 0 to 1,
and using the normalization conditions of the light-cone
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DAs, the corresponding couplings, f
(t)
γ⊥, f
(t)
γ‖ , f
(t)
γ3 and f
(s)
γ‖ ,
are obtained to be
f
(t)
γ⊥(P
2) = −4iNc
∫ 1
0
duDˆF (1), (52)
f
(t)
γ‖ (P
2) = −4iNc
∫ 1
0
duDˆF (2), (53)
f
(t)
γ3 (P
2) = −4iNc
∫ 1
0
duDˆF (3), (54)
f
(s)
γ‖ (P
2) = −4iNc
∫ 1
0
duTˆF (4). (55)
To obtain the explicit expressions of the DAs, we need
to evaluate the integrations of forms like
I1 =
∫
d4k
(2π)4
δ(k+ − up+)
[(P − k)2 − ω](k2 − µ)
, (56)
I2 =
∫
d4k
(2π)4
(k · p)δ(k+ − up+)
[(P − k)2 − ω](k2 − µ)
. (57)
Let us focus on the general Lorentz structure of I2, an
integration over the integrand involving factor of kµ, which
should be of the form after Lorentz decomposition
∫
d4k
(2π)4
δ(k+ − up+)kµ
[(P − k)2 − ω](k2 − µ)
= A(u)Pµ +B(u)nµ,
(58)
where A(u) and B(u) are some scalar functions, and there
is an obvious condition for B(u),
∫ 1
0
duB(u) = 0, (59)
due to Lorentz coverance. This property will be useful
when we calculate the coupling constants by means of the
normalization conditions.
Turn to evaluate I1 and I2. Introducing the dimension-
less variables η = p+k−/Λ2, s = P 2/Λ2, and t = |k⊥|
2/Λ2,
and completing the integration over k+ and η, the inte-
grals I1 and I2 can be worked out to be (see Appendix
B)
I1 =
i
2(2π)2
ln(1 +
v
−uu¯s+ uω + u¯µ
), (60)
I2 = −
i
4(2π)2
(ω − µ− u¯s) ln(1 +
v
−uu¯s+ uω + u¯µ
).
(61)
where v is a cutoff for the upper bound of the absolute
value of k.
Now, using the formulae (60) and (61), we can carry
out the integration over k, and then the integration over
µ and ω, and finally obtain the explicit expressions of the
light-cone photon DAs for tensor and scalar cases
φ
(t)
γ⊥(u, P
2) = −
2NcMΛ
4
f
(t)
γ⊥(P
2)(2π)2
5∑
i,j=1
WijV
(1)
ij , (62)
h
(t)
γ‖(u, P
2) = −
2NcMΛ
4
f
(t)
γ‖ (P
2)(2π)2
5∑
i,j=1
WijV
(2)
ij , (63)
h
(t)
γ3(u, P
2) = −
2NcMΛ
4
f
(t)
γ3 (P
2)(2π)2
5∑
i,j=1
WijV
(3)
ij , (64)
h
(s)
γ‖ (u, P
2) = −
2NcMΛ
4
f
(s)
γ‖ (P
2)(2π)2
5∑
i,j=1
WijV
(4)
ij , (65)
where
Wij = fifj(zi − Λ
2)4(zj − Λ
2)4 ln(−uu¯s+ uzi + u¯zj).
and the explicit expressions of V
(k)
ij are listed in Table 1.
In the above expressions, the cutoff v disappears be-
cause of the identity for the partial fraction summation
5∑
i=1
fiz
n
i = 0 for n < 4. (66)
We note here that in evaluating the light-cone photon
DA corresponding to the scalar current, we need to deal
with the integrals
I3 =
∫
d4k
(2π)4
θ(k+ − up+)
[(P − k)2 − ω](k2 − µ)
,
I4 =
∫
d4k
(2π)4
(k · p)θ(k+ − up+)
[(P − k)2 − ω](k2 − µ)
.
which are the integrations of I1 and I2 over u, respectively.
Therefore, only ∂h
(s)
γ‖ /∂u (not h
(s)
γ‖ ) can be evaluated in the
same way as the photon DAs corresponding to the tensor
current. To obtain h
(s)
γ‖ , we need a boundary conditions at
u = 0 and u = 1, which, for the sake of simplicity, are
assumed to be
h
(s)
γ‖ (0, P
2) = h
(s)
γ‖ (1, P
2) = 0 (67)
The same is done for the light-cone photon DA g
(a)
γ⊥ cor-
responding to the axial current, i.e.,
g
(a)
γ⊥(0, P
2) = g
(a)
γ⊥(1, P
2) = 0 (68)
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Applying the normalization conditions (2), the corre-
sponding coupling constants are obtained to be
f
(t)
γ⊥(P
2) = −
2NcMΛ
4
(2π)2
5∑
i,j=1
∫ 1
0
duWijV
(1)
ij , (69)
f
(t)
γ‖ (P
2) = −
2NcMΛ
4
(2π)2
5∑
i,j=1
∫ 1
0
duWijV
(2)
ij , (70)
f
(t)
γ3 (P
2) = −
2NcMΛ
4
(2π)2
5∑
i,j=1
∫ 1
0
duWijV
(3)
ij , (71)
f
(s)
γ‖ (P
2) = −
2NcMΛ
4
(2π)2
5∑
i,j=1
∫ 1
0
duWijV
(4)
ij , (72)
We note here that in obtaining the results of (69)-(72)
(similarly for (85)-(88)), we have used the fact that the
integration of terms containing a factor of k− over u is
vanishing, as expected from the identity (59).
5.2 chiral even
For the chiral-even DAs, substituting (45) and (47)
into (103)-(105) and (107) respectively, we have
φ
(v)
γ‖ (u, P
2) =
4iNc
Mf
(v)
γ‖ (P
2)
DˆF (5), (73)
g
(v)
γ⊥(u, P
2) =
4iNc
Mf
(v)
γ⊥(P
2)
DˆF (6), (74)
g
(v)
γ3 (u, P
2) =
4iNc
Mf
(v)
γ3 (P
2)
DˆF (7), (75)
g
(a)
γ⊥(u, P
2) =
4iNc
Mf
(a)
γ⊥(P
2)
Tˆ F (8). (76)
The corresponding coupling constants are
f
(v)
γ‖ (P
2) =
4iNc
M
∫ 1
0
duDˆF (5), (77)
f
(v)
γ⊥(P
2) =
4iNc
M
∫ 1
0
duDˆF (6), (78)
f
(v)
γ3 (P
2) =
4iNc
M
∫ 1
0
duDˆF (7), (79)
f
(a)
γ⊥ (P
2) =
4iNc
M
∫ 1
0
duTˆF (8). (80)
After completing the integrations over k, µ and ω just
as the same way as in the chiral-odd case, we have the
explicit expressions
φ
(v)
γ‖ (u, P
2) =
2Nc
Mf
(v)
γ‖ (P
2)(2π)2
5∑
i,j=1
WijV
(5)
ij , (81)
g
(v)
γ⊥(u, P
2) =
2Nc
Mf
(v)
γ⊥(P
2)(2π)2
5∑
i,j=1
WijV
(6)
ij , (82)
g
(v)
γ3 (u, P
2) =
2Nc
Mf
(v)
γ3 (P
2)(2π)2
5∑
i,j=1
WijV
(7)
ij , (83)
g
(a)
γ⊥(u, P
2) =
2NcΛ
2
Mf
(a)
γ⊥ (P
2)(2π)2
5∑
i,j=1
WijV
(8)
ij . (84)
for the chiral-even light-cone photon DAs, and
f
(v)
γ‖ (P
2) =
2Nc
M(2π)2
5∑
i,j=1
Wij
∫ 1
0
duV
(5)
ij , (85)
f
(v)
γ⊥(P
2) =
2Nc
M(2π)2
5∑
i,j=1
Wij
∫ 1
0
duV
(6)
ij , (86)
f
(v)
γ3 (P
2) =
2Nc
M(2π)2
5∑
i,j=1
Wij
∫ 1
0
duV
(7)
ij , (87)
f
(a)
γ⊥ (P
2) =
2NcΛ
2
M(2π)2
5∑
i,j=1
Wij
∫ 1
0
duV
(8)
ij . (88)
for the corresponding coupling constants, where
Mij = (MΛ
4)2(zj − Λ
2)−2(zi − Λ
2)−2.
and the F (k) and V
(k)
ij for k from 5 to 8 are listed in Table
1.
6 numerical result
The input parameters in our numerical simulation are
as follows: The color number Nc is taken to be three; The
parameter n in the pole form of the effective quark prop-
agator is chosen to be one with Λ = 850MeV, (We have
demonstrated that the spectral densities of the effective
quark propagator is almost independent of a change of
n); The mass scale M in the pole-form effective quark
propagator is taken to be M = 350MeV.
The dependencies of the eight light-cone photon DAs
on the momentum fraction u for different virtuality P 2 are
displayed respectively in Fig.2 and Fig.3, where the dot
lines correspond to the virtuality of P 2 = −(500MeV)2,
the dash-dot lines to P 2 = −(250MeV)2, the solid lines to
P 2 = 0, the dash lines to P 2 = (250MeV)2 and short-dot
lines to P 2 = (500MeV)2.
All the photon DAs are invariant under the exchange
between u and u¯, and have an maximum(or minimum)
at the middle, which is just what we expected from the
symmetry between quark and antiquark fields in the as-
sociated currents.
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Table 1. The explicit expressions of F (k) and V
(k)
ij
k F (k) V
(k)
ij
1 F1 +
k+
P+
(F2 − F1) u¯(zj − Λ
2)−2 + u(zi − Λ
2)−2
2 F1 + (
k+
2P+
+ k·p
P2
)(F2 − F1) (s+ zi − zj)(zj − Λ
2)−2 + (s+ zj − zi)(zi − Λ
2)−2
3 F1 +
2k·p
P2
(F2 − F1) (us+ zi − zj)(zj − Λ
2)−2 + (u¯s+ zi − zj)(zi − Λ
2)−2
4 ( k·z
p·z
−
2k·p
P2
)(F1 + F2)
[
(zj − Λ
2)−2 + (zi − Λ
2)−2
]
(uu¯s− uzi − u¯zj)
5 F (6) − (1− 2k·z
p·z
)F (8) Mij + u¯zj + uzi − 2uu¯s
6 F3(P − k) · k + F4 Mij + s− (zi + zj)
7 F (6) + (1− 4k·p
P2
)F (8) Mij − 2uu¯s+ (3uzi − 3uzj + 2zj − zi)
8 [k · p− k·z
2p·z
P 2]F3 −uu¯s+ uzi + u¯zj
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Fig. 2. The chiral-odd photon distribution amplitude for n=1 and Λ = 850MeV.
Now consider the endpoint behavior of the photon
DAs. From the mentioned figures, we can see that six light-
cone photon DAs, namely φ
(t)
γ⊥, h
(t)
γ‖ and h
(t)
γ3 for the tensor
case and φ
(v)
γ‖ , g
(v)
γ⊥ and g
(v)
γ3 for the vector case, are non-
vanishing at the endpoints u = 0 and u = 1, whereas the
other two DAs, namely h
(s)
γ‖ for the scalar case and g
(a)
γ⊥ for
the axial vector case, are vanishing at the endpoints being
analogous to the asymptotic light-cone pion wave func-
tions. We note here that the end-point behavior for the
latter is in fact arising from our artificial assumption for
the boundary conditions of the photon DAs corresponding
to the scalar and axial currents. There may be appearance
of the non-zero values at the end points for some physi-
cal arguments, say by comparison with the experimental
data.
For the former, the non-vanishing end-point behaviors
are still, somewhat, different for different cases. In the
tensor case, h
(t)
γ‖ and h
(t)
γ3 are bent down when closer to
the endpoints, and suppressed obviously at the endpoints,
and there is only one single extremum at u = 1/2, which
means that the momentum tends to be distributed equally
to the quark and anti-quark. However, in the vector case,
the curves of the light-cone photon DAs, φ
(v)
γ‖ , g
(v)
γ⊥ and
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Fig. 3. The chiral-even photon distribution amplitude for n=1 and Λ = 850MeV.
g
(v)
γ3 , are gradually bent up when closer to the endpoints.
In addition, their concavity changes with varying P 2, and
φ
(v)
γ‖ and g
(v)
γ⊥ changes sign at some time-like momentum
about P 2 ∼ (300MeV)2 due to the normalization.
From (69)-(72) and (85)-(88), the dependencies of the
couplings constants for both chiral-odd and chiral-even
cases on the photon virtuality P 2 are displayed in Fig.4
and Fig.5. From these figures, one can see that all cou-
pling constants are monotonic functions of P 2, which are
increasing for chiral-odd case, and decreasing for chiral-
even case. It is noticed that all coupling constants for
chiral-odd case and the coupling constant f
(a)
γ3⊥ are ob-
vious non-vanishing at P 2 = 0, while the coupling con-
stants for the vector case are exactly zero at P 2 = 0. All
coupling constants are finite for finite P 2, which guaran-
tees that only two physical transverse light-cone photon
DAs, φ
(t)
γ⊥ and g
(a)
γ⊥, survive to be non-vanishing at P
2 = 0,
while others decouple automatically from the correspond-
ing quark-antiquark currents.
7 conclusion and discussion
In the present paper, we have studied systematically
the off-shell light-cone photon DAs and the correspond-
ing coupling constants for both chiral-odd and chiral-even
cases up to twist-four in the instanton vacuum model of
QCD. The obtained main results are:
(1) The transition matrix elements of the gauge-invariant
nonlocal quark-antiquark currents sandwiched between an
off-shell photon state and the vacuum are decomposed into
superpositions of various Lorentz structures with the co-
efficients, which define the light-cone photon DAs and the
corresponding coupling constants, just based on the prin-
ciple of the Lorentz covariance[33]. This formalism, in fact,
parallels to the case of ρ meson[16]. It is obvious that
in this formalism only two transversal DAs, φ
(t)
γ⊥(u, P
2)
and g
(a)
γ⊥(u, P
2), survive to be non-vanishing in the on-
shell limit, and the others decouple automatically from
the corresponding quark-antiquark currents as expected.
(2) After transferring the transition matrix elements
into correlation functions, and applying the projection
procedure, the various individual photon DA multiplied
by its corresponding coupling constant is expressed in
terms of the correlation functions. This means that we
have solved the coupled equations (12)-(15) for the pho-
Xin Mo, Jueping Liu: Off-shell photon distribution amplitudes in the low-energy effective theory of QCD 11
-2x105 -1x105 0 1x105 2x105
40
60
80
100
120
 
 
f (t
)
(P
2 )
[M
eV
]
P2[MeV2]
-2x105 -1x105 0 1x105 2x105
80
100
120
140
160
 
 
f (t
)
(P
2 )
[M
eV
]
P2[MeV2]
-2x105 -1x105 0 1x105 2x105
30
40
50
60
 
 
f (t
)
(P
2 )
[M
eV
]
P2[MeV2]
-2x105 -1x105 0 1x105 2x105
15
20
25
30
 
 
f (s
)
(P
2 )
[M
eV
]
P2[MeV2]
Fig. 4. The chiral-odd couplings versus P 2 for n=1 and Λ = 850MeV.
ton DAs and their coupling constants when the correlation
functions are known, and these solutions are universal in
the sense that their validity is independent of the specific
dynamical model adopted in calculation.
(3) After choosing an appropriate gauge, for example
the fixed-point gauge, where the gauge-link becomes a unit
operator, we are in a position to express the leading or-
der of the correlation functions in terms of the spectral
densities of the effective quark propagator. An important
point is that this quark propagator is derived from the
instanton vacuum model of QCD in the singular gauge of
gauge potential, which obeys the fixed-point gauge too as
checked in the same way as [39,40].
(4) Completing the integrations with the help of Lorentz
covariance and a straightforward manipulation, we obtain
the explicit analytical forms for the light-cone photon DAs
and their coupling constants, and then display the depen-
dence of the photon DAs on the momentum fraction u
carried by the quark for various photon virtualities P 2,
and the dependence of the corresponding coupling con-
stants on P 2. It is important to note that all the light-cone
photon DAs are regular functions of u and P 2, and their
corresponding coupling constants are regular functions of
P 2 as well. The only cutoff v, introduced to evaluate the
integrals disappears in the final expressions, as expected
from our first experience[33] where the integral for obtain-
ing the coupling constant is already regular by choosing
an appropriate integration contour. In this paper we show
that this behavior is a universal feature of the integrals for
all coupling constants. In this sense our treatment may be
considered to be consistent.
Some points to be discussed are listed below in order:
(1) It is noticed that there are eight off-shell light-cone
photon DAs appearing in our formalism. In particular, the
photon DA corresponding to the scalar quark-antiquark
current exists in the case P 2 6= 0 and/or z 6= 0, and van-
ishes in the case of P 2 = 0 and/or z = 0. The latter char-
acteristic can be seen directly from the definition (14),
and is naturally expected because there is no scalar real
photon, and the local scalar quark-antiquark current is ro-
tational invariant, and the corresponding matrix element
should be zero due to the triangle rule of the angular mo-
mentum addition. However, for the former, the nonlocal
scalar quark-antiquark current is not rotational invariant
because the rotation operator does not commute with the
complicated operator structure along the gauge link with
two separated points z and −z, and thus the correspond-
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Fig. 5. The chiral-even couplings versus P 2 for n=1 and Λ = 850MeV.
ing matrix element dose not necessarily vanish, as shown
by the explicit calculation.
(2) Like the other studies[33,23,21,22], almost all light-
cone photon DAs are not vanishing at the end points ex-
cept the two DAs corresponding to the scalar and axial
vector case with the assumed boundary conditions. This
may be a common phenomenon in a model without con-
finement, such as the instanton vacuum model of QCD. As
pointed in [41], based on a Hamiltonian containing con-
finement, the configurations, where one of quarks takes all
of the longitudinal momentum and the other is at rest, are
expected to be suppressed.
(3) The quarks will propagate near the light-cone, x2 ∼
0, if the off-shell photon momentum becomes minus in-
finity, P 2 → −∞. This fact means that at the limit of
P 2 → −∞, the main contribution to the correlation func-
tions comes from the asymptotic part of the propagator,
and the nonlocal quark-antiquark currents degenerate into
the corresponding local ones, z → 0. Therefore, at that
limit, (12) and (13) reduce to (3) and (4) respectively.
This asymptotic behavior leads to the consequence that
the tensor and vector coupling constants tend to be equal
with each other for P 2 → −∞. This tendency can really
be seen in Fig.4 and Fig.5 respectively.
(4) For the leading twist tensor photon DA, φ
(t)
γ⊥(u, P
2),
our result is the same as the ones derived from low-energy
theory[33,23,21,22] but different from the prediction asymp-
totic form[20] even in the real case. The reason may be
that our photon DAs are applicable to the low-energy
scale, while the asymptotic ones are calculated at high-
energy scale where the conformance of p-QCD is valid.
The results of our photon DAs and the corresponding
coupling constants are obviously different with those in
Ref. [22], where the semi-bosonized Nambu Jona-Lasinio
model in a nonlocal generalized form is adopted. In partic-
ular, the extra δ-type singularity of both the photon DAs
and the coupling constants in Ref. [22] does not appear in
our results.
(5) As noticed already in the introduction that the dy-
namically generated quark mass MF 2(k) in the effective
quark propagator (34) is momentum-dependent. This is a
reflection of the non-locality of the instanton vacuum of
QCD. As a consequence, the local Uem(1) gauge invari-
ance is violated. A question is then naturally raised: to
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what extant our results in this paper are valid, or in other
words, why the contribution due to the non-locality can be
neglected? To answer it, we consider a simple minimally-
local part of the effective quark propagator (34), namely
by freezing the momentum squared in the form factor to be
zero, and estimate the difference between the two photon
DAs associated with the non-local theory and the local one
as well as the difference between the corresponding cou-
pling constants. The result is shown in Appendix C, where
we have found that the derivation of both photon DA and
coupling constant determined by the local theory from
that in the non-local theory used in this paper is small.
This indicates that the interaction of the electromagnetic
field with the quarks is indeed dominated by the local or
pointlike interaction derived from the kinetic term in the
effective Lagrangian. The non-local or non-pointlike cou-
pling coming from the momentum-dependent quark mass
is in fact parametrically suppressed.
We note here that an other local version of (34), for
example by freezing the space-like momentum squared in
F (k) to be a non-zero constant k2 → −µ2, is also al-
lowed, and it is unclear for us to know how to define
the maximally-local part of the effective quark propagator
(34). Therefore, the amount of the derivation from local-
ity shown in Appendix C may simply be considered as the
upper bound.
In fact, as analyzed in the introduction, the form factor
F (k) (33) is suppressed in (M(k2 = −µ2)ρ¯)2 for µ2 ≪ 1/ρ¯.
From this reason, we stress that the local gauge invariance
of the electromagnetic interaction is approximately ful-
filled at least at the leading order of M(k2 = −µ2)ρ¯, and
we can work with the local or pointlike electromagnetic
current throughout in this paper.
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A Photon DAs in terms of correlation
functions
The photon DA can be expressed in the representation
of τ , instead of u, defined by
φ(i)γ (τ, P
2) =
∫ 1
0
dueiξp·zφ(i)γ (u, P
2), (89)
in terms of the correlation functions projected on the pro-
jection tensors.
Consider the tensor case, the projection tensors we
need should be of order three, and antisymmetric in the
Lorentz indices µ and ρ due to the same symmetric prop-
erty in the corresponding correlation function. It is obvi-
ous that there are only three different independent projec-
tion 3-tensors being antisymmetric in µ and ρ constructed
from p and z (the other independent degree of freedom,
e
(λ)
⊥µ, disappears due to averaging the polarizations),
tµνρ(1) =
1
2
(pνzµpρ − pνzρpµ),
tµνρ(2) =
1
2
(gνµzρ − gνρzµ),
tµνρ(3) =
1
2
(gνµpρ − gνρpµ)
Contracting Π
(T )
νµρ with t
µνρ
(i) , respectively, give rise to
tµνρ(1) Π
(T )
νµρ =− i
P 2
2
(p · z)f
(t)
γ‖ (P
2)h
(t)
γ‖(τ, P
2) (90)
tµνρ(2) Π
(T )
νµρ =− i(p · z)
[
f
(t)
γ‖ (P
2)h
(t)
γ‖(τ, P
2)
+2f
(t)
γ⊥(P
2)φ
(t)
γ⊥(τ, P
2)
]
(91)
tµνρ(3) Π
(T )
νµρ =− i
P 2
2
[
f
(t)
γ‖ (P
2)h
(t)
γ‖(τ, P
2)
+2f
(t)
γ3 (P
2)h
(t)
γ3 (τ, P
2)
]
(92)
We note here that there is, in fact, another projection 3-
tensor
tµνρ(4) =
1
2
(zνzµpρ − zνzρpµ) (93)
obeying the requirement. However, using the identity (6)
and the the transverse character of the correlation func-
tion (18), the role of tµνρ(4) is equivalent to that of t
µνρ
(1) .
For the vector case, the projection tensors should be of
order two. One see that there are only three independent
tensors 2-tensors which can be constructed from p and z
(the other independent degree of freedom, e
(λ)
⊥µ, disappears
due to averaging the polarizations), namely gνµ, pνzµ and
pνpµ.
Contracting Π
(V )
νµρ with these three 2-tensors, respec-
tively, give rise to
gνµΠ(V )νµ =−
1
2
M
[
f
(v)
γ‖ (P
2)φ
(v)
γ‖ (τ, P
2)
+4f
(v)
γ⊥(P
2)g
(v)
γ⊥(τ, P
2)
+f
(v)
γ3 (P
2)g
(v)
γ3 (τ, P
2)
]
, (94)
pνzµΠ(V )νµ = −M
p · z
2
f
(v)
γ‖ (P
2)φ
(v)
γ‖ (τ, P
2) (95)
pνpµΠ(V )νµ =
1
4
MP 2f
(v)
γ3 (P
2)g
(v)
γ3 (τ, P
2). (96)
We note that there are, in fact, another two projection
2-tensors, zνzµ and zνpµ, which effects are equivalent to
those of pνzµ and pνpµ respectively, by considering (6)
and (18) again.
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Further, contracting Π
(S)
ν with pν (or equivalently zν)
leads to
pνΠ(S)ν = −
i
2
(p · z)P 2f
(s)
γ‖ (P
2)h
(s)
γ‖ (τ, P
2) (97)
for the scalar case, and finally contracting Π
(A)
νµ with the
tensor ǫµνρσpρzσ leads to
ǫµνρσpρzσΠ
(A)
νµ = 2M(p · z)
2f
(a)
γ⊥(P
2)g
(a)
γ⊥(τ, P
2), (98)
for the axial vector case.
Up to now, we have obtained a series of the linear
independent equations, namely (90)-(92), (94)-(96) and
(97)-(98), to determine the eight light-cone photon DAs
based on the Lorentz covariance.
To solve the series of equations to get the photon DAs
in terms of correlation functions, we apply the inverse
Fourier transform
F [φ(i)γ (τ, P
2)] =
p+
π
∫
dτei2up
+τφ(i)γ (τ, P
2) = φ(i)γ (u, P
2),
(99)
to both sides of each one of the series of equations, and
obtain
f
(t)
γ‖ (P
2)h
(t)
γ‖(u, P
2) = F

−i2tµνρ(1) Π(T )νµρ
P 2(p · z)

 (100)
f
(t)
γ⊥(P
2)φ
(t)
γ⊥(u, P
2) = F
[
−itˆµνρ(2) Π
(T )
νµρ
]
(101)
f
(t)
γ3 (P
2)h
(t)
γ3(u, P
2) = F
[
−itˆµνρ(3) Π
(T )
νµρ
]
(102)
with
tˆµνρ(2) =
1
2(p · z)
[
tµνρ(2) −
2tµνρ(1)
P 2
]
tˆµνρ(3) =
1
P 2
[
tµνρ(3) −
tµνρ(1)
p · z
]
for the tensor case, and
f
(v)
γ⊥(P
2)g
(v)
γ⊥(u, P
2) = F [vˆνµ(1)Π
(V )
νµ ] (103)
f
(v)
γ‖ (P
2)φ
(v)
γ‖ (u, P
2) = F
[
−2pµnνΠ
(V )
νµ
M(p · n)
]
(104)
f
(v)
γ3 (P
2)g
(v)
γ3 (u, P
2) = F
[
4pνpµΠ
(V )
νµ
MP 2
]
(105)
with
vˆνµ(1) = −
1
4M
(
2gνµ −
2pµzν
p · z
+
4pνpµ
P 2
)
for the vector case, and
f
(s)
γ‖ (P
2)h
(s)
γ‖ (u, P
2) = F
[
i
2pνΠ
(S)
ν
P 2(p · z)
]
(106)
f
(a)
γ⊥ (P
2)g
(a)
γ⊥(u, P
2) = F
[
ǫµνρσpρzσΠ
(A)
νµ
2M(p · z)2
]
(107)
for the scalar and axial vector cases, respectively.
B Integrals I1 and I2
Consider the integral I1 and I2 defined in (55) and
(56), in which integrand involves zero and one powers of kµ
respectively. By introducing the dimensionless variables
η =
p+k−
Λ2
, t =
|k⊥|
2
Λ2
, s =
P 2
Λ2
,
and completing the integration of δ(k+ − up+), I1 and I2
can be expressed as
I1 =
∫
dηdt
2(2π)3
1
(u¯s− u¯η − t− ω)(uη − t− µ)
, (108)
I2 =
∫
dηdt
4(2π)3
η
(u¯s− u¯η − t− ω)(uη − t− µ)
. (109)
The denominator appearing in the R.H.S. of (108) or (109)
has two poles which may be assumed to be of the forms
η1 = s−
t+ ω
u¯
, (110)
η2 =
t+ µ
u
. (111)
By means of the identity (65), for the partial fraction sum-
mation in the numerical simulation, a straightforward ma-
nipulation leads to
I1 =
∫
dηdt
2uu¯(2π)3
1
(η − η1)(η − η2)
= i
∫
dt
2(2π)2
1
−uu¯s+ t+ uω + u¯µ
=
i
2(2π)2
ln(1 +
v
−uu¯s+ uω + u¯µ
) (112)
I2 = −
∫
dηdt
4uu¯(2π)3
η
(η − η1)(η − η2)
= −
iπ
4uu¯
∫
dt
(2π)3
η1 + η2
η1 − η2
= −
iπ
2
∫
dt
(2π)3
(u− u¯+
ω − µ− u¯s
−uu¯s+ t+ uω + u¯µ
)
=
i
4(2π)2
(µ− ω + u¯s) ln(1 +
v
−uu¯s+ uω + u¯µ
)
+
i
4(2π)2
(u¯− u)v (113)
C An upper bound for the derivation from
locality
A simple minimally-local version of the the effective
quark propagator (34) is of the form
SF (k) =
/k +M
k2 −M2 + iǫ
. (114)
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Take the twist-two and chiral-odd light-cone photon DA
as an example. The counterparts of φ
(t)
γ⊥ and f
(t)
γ⊥, namely
φ
(t,local)
γ⊥ and f
(t,local)
γ⊥ associated with the local version of
the propagator, can be calculated in a similar way. Define
the following three derivations of the quantities in this
paper from their local ones
∆φ =
φ
(t,local)
γ⊥ (u, P
2)− φ
(t)
γ⊥(u, P
2)
φ
(t)
γ⊥(u, P
2)
(115)
∆f = f
(t,local)
γ⊥ (P
2)− f
(t)
γ⊥(P
2) (116)
The curves of ∆φ and ∆f are shown in Figs.6 and 7, re-
spectively. From these two curves and the first figure in
Fig.4, it is obvious that the non-local part of the dynam-
ical quark mass contributes within an amount of 30 per-
centages to the total one for both DA and the correspond
coupling, and its effects are suppressed.
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Fig. 6. The derivation of φ
(t)
local(u, P
2) from the “local” one.
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